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THE CALCULATION OF INTERPLANAR SPACINGS OF 
CRYSTAL SYSTEMS BY VECTORS.
BY SURAIN SINGH SIDHU, M.Sc., P h D.
ABSTRACT. Expressions for the ealculatiou of interplauar sp.acings of cry.stal systems : 
riibie, simple tetragonal, simple orthorhombic, hexagonal, simple mouocliuie, trirlinic and 
rliombohedral have been derived by vectors. 'I'his treatment is shown to be much briefer and 
simpler than the one given by analytical methods, which are generally employed at present 
for these derivations.
The method of calculating the interplauar spacings between the successive 
planes in any assumed crystal structure is based at present on a well-known 
theorem in solid analytic geometry, which gives the perpendicular distance d from 
any point to a plane. The derivations of the expression for d by this method, 
especially for lattices other than cubic, seem to be accompanied by analytical 
complexities. We shall derive these expressions here by vectors, which make the 
derivations much briefer and simpler than the analytical method.
The perpendicular distance d/, * i between the successive planes of a given 
set may be expressed as a function of the lattice constants a ,, bo, and Co, and of 
the Miller indices (hkl) of the set of planes in question as follows.
Let OX, O Y and OZ be the crystal axes: «<, be the unit distance along OX,
b„ along O Y and c„ along OZ, and a, b and o be the unit vectors along the 
axes respectively. Let n be the unit vector normal to plane (hkl), then,
a + n j  b-bn« 0 ... (i)
rn a )^ o -(n .b )^ ‘’ =  ( n . 5 )^‘-= d
h k I (2)
n. n = i
I. Cubic, simple teiragoml and orthorhombic lattices : 
For these lattices.
... (3)
then,
and
a'~/8«i'y*90* 
a . B a > a a O » b . oe»o 
a . a * b  ,1 b *o  * 0 “ ;[,
... (4)
xa (5)
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Substituting f o r  n in equations (2) and ( 3) ,  the righ t hand side of equation  
(i), one obtains,
n «(i.a )^ = n i(b .B )| s= « „ {o .o )^ “= d
01
Up _ ^ ^
and (n„)“ + (n .I.
Solving eguation (6)
H a - -  fi
Clo
0 0
^ d  I
Co
Substituting the values of ?/„, and ??,. in equation (7) we gel
/j2 + ^ ®fe2 +  dj* ;a =  j _
0>u  ^V  ^c
Solving ior d or dhkt-
... (6)
... (7 )
Ua*I -  V .8 + 1*2 + -.2Vfi (• o ... (S)
(a) For a cubic lattice, a„ =  6„ -= c», therefore
J —
A “ +  fe= +  I“ ‘ (9)
(b) F o r a sim ple tetragonal lattice, 4= c„, therefore
__  a«
 ^ dh
t r
fc» +  ik 8 + ^  I»
Co fc“ +fe“ + 4
(lo)
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The ratio of two units of length c ,/a , - c is called the "axial tatie."
(c) For a simple orthorhombic lattice a, =|: 6 . t  c., therefore
bo
d . k I -
^  +  fe®+ ^
or dh k i - -
\ / ^ . +
Cfl
bo
k^ + ••• U i)
where a„lbo — a, and Cglb„ = c are the axial ratios. 
II. Hexagonal Lattice  :
then
For a hexagonal lattice, a„ =  + c«, and a=/3 = 9 o", y " ia o * .
a . b =  — * , a . o = b  . c = o
2
... (13)
From equations (i), (2) and (3) subject to the conditions in 
obtains as before.
equation (12) one
«#;-------- Ifft— » a
b 2 h • •• (13)
_ n . - + a , - - d • (14)
... (15)
and (a«)*+(«»)* +  ( n ,)*-n o  Wj * ! . ... (16)
Solving equations (13), (14) and (15)
«- = --(a» + fe)
3 «•
|"(h+a*)
3 o,
Co
Substituting the values of n ,^ n» and n, in equation (x6), we get
( 8 f c + f c ) > + - ^ ( h + a * r  + - T ---------^ ( a h + f e )  (h + 2 fe ) [ - i .
f 9«« 96.* c ,"  ga*t, j
a
Since, ior the hexagonal system a„ = b<. therefore,
d H 3 ~~Ash'- .^+8 hk  +  5 k ^ ) - 3  (^h^ +  5hk  +  2k^)+  ' V  f= ^
9«(- Co )
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or {h^
( 3 a i
Solving for d or d;,* j, we get
d / , i f  =  /y,/
4  (/l2 +  /,fe +  fe2)+
or IA /t1 =  V
(1
4 (fe® + hk  + fc®) + -j 
3 c*
... (17)
I I I .  Simple Monoclinic Lattice':
P'or a sim ple raonoclinic lattice, ao 1 6 0 1  Co,
a=y=go°, and ^ t g o " ,  then
a. 0 = c o s  )8, a. b = b .  c = 0 .
From  equations (i), {2) and (3) subject to  conditions in equation
get
no®-®+nc“  cos I3=d  h h
7»J —  5 = 0k
M a ~ c o s ^ + n ,- f  = d
I I
and (n«)  ^+ (nj)* + (nJ^ + 2nan» cos j8=i 
Solving equations (19), (30) and (21),
(18) 
(18), we
(19) 
... (20)
... (21) 
. . .  (22)
n a «  v 4 -o / ^ ------ -- co s^ ^
sm * p \ao c, I
Pt
Cn a —— Asm? p U  ^ c o s p ) .  \^0 J
d2 I J/  ^ * + ( ^
sin^P /\a<, / \c<, / aoCg
Solving for d or d/, * i ,
&o
V J  I V  2hl
V
a j  I 
sin^ P
IV- TiicUnic Lattice:
From equations (i) and (2) we obtain
I 0^+ nt, . k k
and ria bo
(25), (26) and (27), and simplifying, we get
Ua cos y + n j + n,; cos a=  —
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in the equation (22), we gist
i * ■
. .
V I
i - w J
■ cos /3 ■ • i ( 2 3 )
---------+ f e 8
v t9 o “» then
6 .  0  =cos « ( 2 4 )
( a , c  ) “ -’ = d
h (25)
».: ( b  . 0 )
i - -  -
(26)
1 ----------- . . . ( 3 7 )
c from equation (24) in equations
f (28)
'  h 
' 0
I r ‘ . . . (29)
 ^ 1C _ , . . . ( 3 0 )
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Solving eqiwtiona (28), (29) aud (30) for «b» «* Sand n, by th« nwithod of 
determinants, we get
cos y cos P^ ao
X COS a
i - L
C 0
cos a I
1 cos y COS ^
COS y I cos a
cos /3 cos a I
I d A _
do
COS P
COS y c o s  a
c o s  P i  ‘
Co
I
«6 =
tlc =
I c o s  y COS /?
COS y I cos a
cos /3 COS a I
I COS y d ± -
Ua
cos y I ‘^ T T
cos COS Q d —
C 0
I cos y cos /?
COS y I cos a
COS P cos a I
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From equatioQ (3) it follows ; ,
:55
n.(naa+n»b + ncO)™i
or (n-a)n« +  +  (n.c)»e =  i .
From  equation (a) due ol^taius
5 . a  =  d — , n . b =  and 5 . c  =» d — ,
do \  ^^   ^0
••• (3 )^
Substituting the values of n . a, n . b. n . o, n®, and n« as obtained 
above, in equation (31), we get
d— cos y cos/J
I
I  a — COS I COS y d ^ ^ -
d  0 do
d — d~ I cos a + cos y a — COS a +  ^ COS y I
do bo bo bn d 0 b o
d - cos a I cos ft d - I cos ft cos a d —
c „ 1 C Q C„
cos y 
cos ^
cos y
I
cos a
cos ft
COS a 
I
(32)
This may be simplified to
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Solving for d ox d^kit
\
a
COS y COS ^ I
a
COS /J 1 cos y a
L k X cos 0. + k cos y k cos a +  1 cos y I ka
l_
cos a I cos /3 1 I
c
cos acos Pc c c
X cos y cos)3
cos y 1 cos a
cos ^ cos a I
•• (33)
(i)  For the rhombohedral lattice, ao-bo^Co, and a =  
a . b= a . o=b , c —cos
When these values are substituted in question (32), it becomes
I 1 cos n
I I COS cos ii
■ cos a  J
Then, 
... (54)
h\
i
/ 1:=I
Solving for dor dhki.
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a,  v 'i+ a c o s* a -3 co a ’ o
35>= V (h“ + fe’ 4 J*) sin’ a + 3{hk + hi + kl) (cos’a -  cos )^
S U M M A R Y
Formulas for the calculation of interplanar spacings of crystal systems are 
derived by a vector method, which is much briefer and simpler to use than the 
analytical method. The results are summarized in table I :
T a b i.e  I.
Ivattice. Characteristic.
No. of equation 
giving value
for j, 1.
I. RecUngular 1 a =* i9 = 7  «=" 90®1
a. Cnbic — &0 "" 0^ (9)
h. Simple tetragonal (10)
c. Simple orthorhombic ^ ^ 0^ (II)
n . Hexagonal flu ^ ha Co
a => i9 «* 9o‘\ 7  =" (17)
m . Simple monoclinic
fl = *y na 90“, fl +  90® (S3)
IV. Triclinic ^  Ca
P + 7  +  90^ (S3)
V. Rbombohedral flo ^ ^^ 0 “  ^0
a =1  ^ =3 7  .jfc go® (35)
My thanks are due to Dr. D. R. Inglis and Professor A . G. .Worthing for
helpful discussions. 
Diparymxni op Physics,
UNIVIRSirY Of FmSBDXCH, 
PmSBURGH, PlMMSYl^ TANU, 
U. 8. A.
